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Abstract 

The quantum cosmology of a higher-derivative gravity theory arising from the heterotic 
string effective action is reviewed. A new type of Wheeler-DeWitt equation is obtained 
when the dilaton is coupled to the quadratic curvature terms. Techniques for solving the 
Wheeler-DeWitt equation with appropriate boundary conditions shall be described, and 
implications for semiclassical theories of inflationary cosmology will be outlined. 
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1. Higher-Derivative Gravity Theories 



Since the renormaUzation of the Einstein-Hilbert action for general relativity introduces 
higher-order curvature terms, it has long been expected that the development of quantum 
cosmology would include higher-derivative gravity theories. Further support for this ap- 
proach arises from the presence of quadratic and higher-order curvature terms in string 
effective actions, where modifications to the Ricci scalar are required for maintaining con- 
formal invariance of the sigma model, describing string propogation in a given background, 
even after inclusion of quantum corrections to the /9-function. 

Typically, one may consider actions of the form 



and field-dependence of the coefficients ci, ... provides couplings between matter fields and 
the curvature. 

There are several types of higher-derivative gravity theories selected by physical con- 
siderations: 

(i) Lovelock gravity required for unitarity and elimination of ghosts 

Amongst the curvature invariants that arise in superstring eff'ective actions are the 
dimensionally continued Lovelock invariants 



which vanish in ten dimensions when n > 6. As generalizations of the Gauss-Bonnet 
invariant, they are the only combinations of Riemann tensors that give rise to second- 
order field equations for the metric. In a sigma- model with expansion parameter a', these 
curvature terms would occur at order 0{a'^~^) in the efi^ective action. The elimination of 
ghost fields in higher-order gravitational actions is achieved by eliminating terms of the 
type hV'^'^h, n > 2, where /i^jy is the perturbation about the fiat-space metric, through 
metric redefinitions. The linearized equation for the graviton field is then second-order, 
possessing physically consistent stable classical solutions, in contrast to equations with 
third and higher-order derivatives of the metric, and at the quantum level, the ghost poles 
will cancel in the graviton propagator. The only non-zero Lovelock terms that could appear 
in ten-dimensional superstring effective actions are -/^(o), -^(i)) -^(2); -^(3)) -^(4)' -^(5) 
functions of these tensors. While L(5) is a topological invariant in ten dimensions, the other 
three curvature combination L^2)i -^(3)5 -^(4) contain dynamical higher-derivative terms. 
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(ii) Superstring effective actions with higher-order curvature terms 

There is a particular combination of Lovelock invariants which is equivalent to a Chern- 
Simons theory with S0(l,9) gauge group [1], and this suggests the existence of a ten- 
dimensional superstring theory reducing to an effective field theory containing D=10 super- 
Yang-Mills theory with gauge group SO (1,9), combined with topological terms, as an 
appropriate modification of general relativity with improved renormalizability properties. 

In this superstring effective action, the curvature terms are generated by identifying 
the gauge potential with the metric connection. The various different quartic curvature 
combinations that can be included in low-energy superstring and heterotic effective string 
actions are restricted by their consistency with supersymmetry [2] [3] . 

(iii) Born-Infeld actions 

Born-Infeld effective actions, which typically involve determinants of two-index fields 
such as the field strength Ffj^^ or the Riemann tensor Rfj_^ may represent a viable alterna- 
tive to the expansion of the effective action in powers of a' , relevant for specific physical 
configurations. Difficulties associated with the infinite expansion in powers of a' at the 
Planck scale might then be circumvented. 



2. Classical Cosmological Solutions of Equations of Motion 
of Higher-Derivative Theories 



Since solutions to the general relativistic field equations contain initial curvature sin- 
gularities whenever the dominant energy condition is satisfied, one of the motivations for 
developing quantum cosmology has been the theoretical justification of the absence of the 
singularity. Non-singular solutions may arise in theories which are modifications of general 
relativity, and classical cosmological solutions to the equations of motion for several dif- 
ferent types of theories containing higher-order curvature terms have been analyzed with 
regard to the absence of singularities and the existence of de Sitter phases. 



(i) Singularity- free cosmological solutions of heterotic string effective actions with quadratic 
curvature terms 



An action, which combines higher-derivative gravity with a scalar field, has been shown 
to have singularity- free cosmological solutions [4] [5] . At string tree- level and first-order in 
the a'-expansion of the compactified heterotic string effective action in four dimensions, 
the dynamics of the graviton, dilaton field S and modulus field T can be described by 

1 D'^DS DTDT 1 1 ~ 
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The couplings for the quadratic curvature terms are dimensionless, and this is consistent 
with the a' expansion because ^ has no units in four dimensions. If Re T, representing 
the square of the compactification radius, is set equal to a constant, and Im T = 0, 
the kinetic term for the modulus field vanishes. In addition, defining the real part of the 

dilaton field to be i2e 5' = ^ e*, setting Im S equal to zero and choosing units such 

94, 

that K = 1 and the efi^ective action can be set equal to 



-I 



R + ^{D^f + - AR^^R^'' + R^) 



(4) 



This action is also obtained when Im S = constant and the background geometry is 
restricted to have a Friedmann-Robcrtson- Walker metric. The Gauss-Bonnet invariant 
arises in this action, but it is multiplied now by the factor where g4 is the four 

dimensional string coupling constant and $ is a scalar field, so that the integral is not a 
topological invariant. 

In the phase space of classical solutions to the field equations of the four-dimensional 
action (4), there is a class of space-times which have no singularity for a large range of 
values of the dilaton and modulus fields. 



(ii) Dimensionally-continued Euler actions and Lovelock gravity theories 



The study of cosmological solutions of Kaluza-Klein theories [6] and string effective 
actions has led to investigations of dimensionally-continued Euler actions and Lovelock 
theories [7] [8]. The direct product of a four-dimensional Friedmann- Robertson- Walker 
metric and a metric for a compact six-dimensional space with a second scale factor is 
postulated. The gravitational field equations may be solved to obtain the time-dependence 
of the scale factors. The geodesic completeness of cosmological solutions to Kaluza-Klein 
theories with quadratic curvature terms has also been investigated [9]. 

(iii) R^ inflation and higher-derivative gravity without scalar fields 



An early analysis in the previous decade of R^ theories [10] and theories [11] showed 
that an R^ term leads to particle production and inflation with minimal dependence on the 
initial conditions. The term gives rise to large anisotropy [12] and the destabilization 
of positive A metrics. Inflation has also been derived from higher-derivative terms directly 
obtained as renormalization counterterms [13] [14] without the inclusion of scalar or inflaton 
flelds. 
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(iv) Higher-derivative gravity with the dilaton field 

Dilaton fields have been considered useful for the cosmology to exhibit infiation. It is 
known that most classical string equations of motion do not lead to infiation [15]. A set of 
higher-derivative gravity theories with a dilaton field has been investigated and shown to 
produce the required infiationary growth of the Friedmann-Robertson- Walker scale factor 
[16]. 

(v) Cosmology of M-type theories 

More recently, the low-energy effective actions derived with the higher-dimensional M- 
theories have been studied [17] [18]. The actions generally involve the coupling of standard 
gravity to scalar fields with a potential determined by the theory, although the analysis 
could be extended to include higher-orders curvature terms. Classical cosmological solu- 
tions have been obtained, by compactifying on fiat or maximally symmetric subspaces [17], 
and their singularity structure has been determined. 

3. Quantum Cosmology for Gravity Plus Higher-Order Terms 

Much of the initial work on higher-derivative quantum cosmology has been developed 
with only curvature terms and no scalar field in the action. The quantum cosmology of 
standard gravity coupled to a scalar field has been investigated by many authors [19]- [22]. 
These techniques have been adapted to string cosmology, based on an effective action 
consisting of the Ricci scalar, dilaton field and antisymmetric 3-index field [23]- [27]. The 
non-zero vacuum expectation value of the scalar field in the potentials arising in grand 
unified theories drives infiation in semi-classical cosmology and again it is found to be useful 
in obtaining wave functions representing infiationary solutions in quantum cosmology. 

(i) Without scalar fields 

The quantum cosmology of superstring and heterotic string effective actions in ten 
dimensions with higher-derivative curvature terms up to fourth order also has been inves- 
tigated [28] [29]. The Wheeler-DeWitt equations for both theories, in the mini-superspace 
of metrics with different scale factors for the physical and internal spaces, differ signifi- 
cantly from the equation obtained for the higher-derivative theory considered in this paper 
because of the coupling of the curvature and scalar field. For the superstring, the differen- 
tial equation is not generally solvable by analytic methods, and it is only reducible to the 
form of a diffusion equation when the curvatures of the physical and internal spaces are 
set equal to zero, and the scalar field is set equal to a constant. 
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(ii) With scalar fields 



The coupling of scalar fields to higher-derivative curvature terms in string effective 
actions results in Hamiltonians which are not quadratic function of the momenta. Even 
when there are only quadratic curvature terms in the heterotic string effective action, the 
Hamiltonian cannot be expressed as a simple function of the canonical momenta, prevent- 
ing a derivation of the Wheeler-DeWitt equation [29]. The derivatives of the coordinate 
fields for the model studied later in this paper are also found to be given by expressions 
containing fractional roots and inverses of canonical momenta. However, it is shown that 
resulting equation can be converted to a partial differential equation, resolving the problem 
of deriving a Wheeler-DeWitt equation. 

Higher-order terms in the effective action will give rise to corrections in the theoret- 
ical predictions for the inflationary epoch. Given a fundamental theory at Planck scale 
with higher-order terms, it is appropriate to consider a boundary located between the 
Planck era and the inflationary epoch where the predictions of quantum cosmology of the 
higher-derivative theory could be matched, in principle, to the predictions of the quantum 
theory of standard gravity coupled to matter fields. The inclusion of this boundary will 
have an effect on both the quantum cosmology of the more fundamental theory and the 
computations of the standard model. 



(iii) f{R) theories 

The quantum cosmology of f{R) theories can be contrasted with that of quadratic grav- 
ity theories [30]. The essential simplification in the study of these theories is a conformal 
transformation which maps the f{R) theory to an Einstein- Hilbert action coupled to a 
scalar field. A cubic curvature term, for example, has been found to lead to the existence 
of a region in parameter space for which neither the no-boundary or tunneling boundary 
conditions produce an inflationary growth that simultaneously resolves the horizon and 
flatness problems. 



4. Supersymmetric Quantum Cosmology with Higher-Derivative Terms 

The model (4) containing quadratic curvature terms and the dilaton fleld can be quan- 
tized and the Hamiltonian constraint would be given by the Wheeler-DeWitt equation. 
Since the solution to this equation generally requires a reduction in the number of de- 
grees of freedom in the metric fleld, it is convenient to consider only a minisuperspace of 
Friedmann-Robertson- Walker metrics with K = 1 (closed model), K = (spatially flat 
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model) or = — 1 (open model). The minisuperspace action is then 



it) 



r sin 9 



1 



6a~\ad + + K) + - (D^Y 



(1 -Kr2)5 

/ d^ 6 

+ — ( -18- -^{ad + To? + 2Kf + 24 a'^ 



4^, 



a a* 



d + — + — 
a a I 



(5) 

When a boundary is placed for = 1, and the action reduces to a one-dimensional 
integral 



V 



I 



dt 



(6a^d + 6ad^ + 6aK) + -a'^iD^y + Q^d{d^ + K) 



(6) 



where y is a time- independent volume factor, which is given by ^3^^) where V{tf) is the 
volume of the three-dimensional spatial hypersurface at a fixed final time tf. 

The one-dimensional integral (6) is an example of an action of the following type 

I = j dtLit,y,y,...,y^^\z,z,...,z^^^) (7) 

The conjugate momenta are defined to be 



Pi 

P2 



dL _ d /(9L\ 
dy dt \dyj 
dL _ d^ ( dL \ 



-1 d 



TO— 1 



dL 



+ ... + (-1) 



/ dL 



m-2 



dt 



m-2 



Pm 
Pm+1 



dL 
dz 



d fdL 
dt \~dl 



+ ... + (-1) 



n-l 



dL 

Qyim) 

dL 

dt'^-'^ \dz^ 



d- 



'n—l 



(8) 



Pm-\-n — 

In particular, for the Lagrangian L(t, a, d, d, $) we have 



dL 
dz(^ 



Pi 

P2 
P3 



dL 

dd 

dL 

dd 
dL 

d^ 



d_ rdL 
dt V dd 



— e'^^d^ + K) 
9a 



(9) 
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Given the conjugate momenta to qi = a, q2 — a and = ^ using the Ostrogadski 
method for higher-derivative actions [31] [32] [33], we find that the Hamiltonian is 



H = piqi + p2q2 + PsQs - L 

. 1 

= -6a(d^ + K) - 6— $(a2 + K)a + a^^^ - -a^{D^f 

94 2 



(10) 



_Lp2 _ 



^-^P^'e-^PyPa - KP^ 



given the homogeneity of the scalar field. In a Lorentzian space-time, a difi^erential operator 
is obtained by making the substitutions 
Pa -i^ and P$ - 



The Wheeler-DeWitt equation = is an pseudo-differential equation, which can 
be transformed into a sixth-order partial differential equation. 
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(11) 



Point symmetries of this equation may be checked with the Kersten programme [34], 
which can be used when the coefficients multiplying the derivatives are polynomial func- 
tions of the independent variables, and equation (10) can be cast in the following form 
through the change of variables w = e*: 



9I 2 
w 
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4 9* 
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dadw^ J 



+ w 



dw^ J 



.a^* .d^^ 



(12) 



The Laplace transform with respect to the variable ^ gives a mixed difference- 
differential equation in a and the transform parameter s. Denoting the Laplace transform 
of a) by ip{s, a), it follows that a second-order recurrence operator in s and a third- 
order differential operator in a act on the transform of the wave function. 
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is -I) 



d^il^is -l,a) _ *(0,a 
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_ dt/j(s-l,a) _ d^{0,a) 

\S — ^) 7" ~ JZ 



da da 

(s-lfil^is-l^a) - {s-lf-^{0,a) - (s-l)*'(0,a) - *"(0,a) 



+ 



4a6 



{s-2f{s-l)^{s-2,a) - (s-2)^(s-l)^'(0,a) 



- (s-2)3(s-l)*'(0,a) - (s-2)2(s-l)*"(0,a) - (s - 2)(s - 1)*'"(0, a) 



(13) 



The mixed difference-differential equation can be solved by considering the differential 
and recursion operators separately. Solving first the recursion relation gives rise to a 
higher-order ordinary differential equation in a. Arbitrary parameters are determined by 
specifying values of \l/(0,a) and \l/($05«): $o ^ 1 and derivatives up to fifth order in ^. 
The value $ = leads to a vanishing kinetic term for the dilaton field and the quadratic 
curvature term being a topological invariant, so that \&(0, a) should equal the wave function 
in the minisuperspace of Priedmann-Robertson- Walker metrics in a theory of pure gravity. 

The path integral which defines the wave function does not converge when the action 
in the weighting factor represents Einstein gravity coupled to a scalar field. One may 
anticipate that a higher-derivative action can be embedded in a renormalizable theory, 
and that the evaluation of the path integral with different initial data, determined by the 
Hartle-Hawking or tunneling boundary condition, produces a wave function which then 
could be compared with infiationary cosmology. This comparison can be used to select the 
most appropriate boundary condition. 
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Standard inflationary cosmology might receive corrections from two sources. First, 
the inclusion of graviton loops will alter the pcrturbative calculations. Secondly, it is 
appropriate to specify a boundary between the Planck era and the inflationary epoch 
and to study quantum effects on a manifold with a boundary. The boundary will affect 
the range of the transform variable in the momentum space representation, and extrinsic 
curvature terms will be relevant for the quantum theory. 

The same techniques can be applied to other superstring effective actions with higher- 
order curvature terms or theories derived from the recently-developed M-theories. The 
conjugate momenta, the Hamiltonian and the Wheeler-DeWitt equation may be derived, 
and the solutions to the partial differential equation for \& can be obtained. Coupling of 
the scalar fleld to the curvature tensor should generally lead to a form of the Hamilto- 
nian containing inverse or fractional powers of the momenta. When the coefficients of the 
derivatives in the Wheeler-DeWitt equation are exponential functions, the Laplace trans- 
form can be used to reduce the differential equation to a mixed difference-differential equa- 
tion. Thus, the form of superstring effective actions containing higher-order terms with 
couplings involving exponential functions is conducive to the reduction of the Wheeler- 
DeWitt equation to an equation with derivatives of fewer variables. If solutions to the 
Wheeler-DeWitt equation for a consistent unified theory of gravity and the elementary 
interactions can be obtained, they may represent wave functions adequately describing 
cosmology both at Planck scales and during the inflationary epoch. 
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